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The energy of the excess neutrons (= N – Z) provides an alternative interpretation of the stability of 
the larger nuclei (4 < Z < 84), different from standard formulations of the liquid drop models. A 
relation found in even-N and even-Z stable nuclei between the number of neutrons (N) and protons 
(Z) makes possible the introduction of several stability curves within the valley of stability. These 
stability curves applied to the stable even-even nuclei account for a good majority of the values of 
Z and N, a much larger number of stable nuclei than previously possible. The application of a 
stability curve to the nuclear charge radius, as a function of the nuclear mass number, captures 
closely the observed values. These last two applications require only 2 single valued parameters. 
This interpretation of nuclear stability suggests various significant modifications to current and 
traditional phenomenological standards of the liquid drop binding energy models. A quantum 
theory of the model integrates it to the proposed modifications of the liquid drop models.  
 
PACS: 21.60.-n; 21.60.Gx; 21.10.Ft; 21.30.-x 
 
1. Introduction 
 
The alpha cluster representation of atomic nuclei conceptualizes a nucleus as a ‘molecule’ 
composed of alpha particles, neutrons and protons (1 alpha = 
4
He nucleus). These 
components are bonded with different energies and can conform to geometric [1-5] 
patterns. The scope of the molecular analogy is surprising, given the prevailing and 
successful versions of the liquid drop model advocating a nucleus similar to a fluid of 
interacting nucleons with pairs of nucleons. The success of molecular and lattice concepts 
in predicting and organizing many nuclear properties [1-6] compares favorably with other 
more complex theories of the nucleus. The liquid and molecular models of the nucleus are 
rapidly evolving and may ultimately be complementary rather than contradictory. 
Although these references [1-6] are relevant to the topic of clusters and nuclear molecules 
they represent only a small sample of the vast literature on nuclear models. More on the 
connection to the liquid drop models in Sec. 3.   
One of the attractive features of the alpha cluster and liquid drop representations is 
the understanding gained of nuclear matter based on direct semi-classical arguments, and it 
is the adopted methodology in this article as well. Many alpha cluster studies have 
concentrated in the nuclei without excess neutrons [2,3], here the excess neutrons are 
incorporated as bosonic pairs, to analyze how the larger even-even nuclei are stabilized. 
Looking at the stable isotopes (Z < 84) in the (Z, N – Z) coordinates, and 
considering first the large majority of sequences of the even values of (N – Z) ≥ 0, we 
observe that they are almost entirely populated by even-even isotopes in neat sequences 
separated by steps of 1 alpha particle because of the nearly absent, stable odd-odd nuclei. 
As Z becomes larger, a growing number of neutron pairs are required to maintain a stable 
even-even nucleus. The even-even are not only the majority of stable nuclei, but possibly 
the basis of nuclear stability of large nuclei in general.  
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Sec. 2 is an overview of the data sets and model results. Sec. 3 presents the model 
of stability, first, in a simplified phenomenological approach and, second, as a quantum 
mechanical theory (Sec. 3.3) that merges the model with the basic liquid drop concepts and 
the proposed modifications. Sec. 4 is the conclusion. The main objective is to build model 
(5) using a deductive approach as much as possible, though originally this model was 
developed differently. The single parameter p1/b1 of model (5) is directly linked to the fine 
structure constant, a discovery reported [7] separately. This is a first model of the N and Z 
stability with only one parameter that turns out to be a fundamental constant [7].    
 
2. Overview, data sets and charge radius  
 
In this report, the definition of nuclear stability includes several decaying even-even nuclei 
of very long half-life. If their half-life > 6x10
11y (≈ 43 x universe’s age), there are 165 
even-even nuclei [8] considered stable in the sense of long life stability. This data is 
displayed in Fig. 1 together with the models to be discussed in Sec. 3. This criterion allows 
the least number of gaps in the sequences of the even-even nuclei given in the (Z, N – Z) 
coordinates, an important point for the model to be presented. This group of 165 is also the 
primordial even-even isotopes that are naturally occurring in the solar system for Z ≤ 82. 
There are two more even-even primordial: 
232
Th and 
238
U (as usual, upper left superscript 
is A = N + Z = nuclear mass number). Altogether there are 277 nuclei stable under the 
above half-life [8] definition: 165 even-even, 106 odd-even or even-odd (including 
1
H), 
and 6 odd-odd (
2
H, 
6
Li, 
10
B, 
14
N, 
50
V, 
180
Ta). The change from long term to short term half-
life is precipitous; for example there are only 4 even-even nuclei (
146
Sm, 
232
Th, 
236
U, 
238
U) 
with 6x10
11
y > half-life > 10
7
y.    
 
Fig. 1. Three stability curves from Eq. (5). For comparison, the Weizsäcker curve. On 
display, 165 stable even-even nuclei [8] (S1) of which 99 are nuclei (S2) with max. BE/A 
[9]. For more data details, see Sec. 2, and for curve models, see Sec. 3. 
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A notable subset of 99 out of the 165 stable, even-even nuclei is at the maxima of 
the experimental binding energy (BE) per nucleon (= BE/A), also shown by (S2) in Fig. 1; 
these 99 are thought to be the most strongly bound even-even nuclei. The data for (S2) [9] 
is part of 2228 measured nuclei. Here we point out the 5 exceptional cases of unstable 
even-even nuclei (Z ≤ 82) at the maxima of the BE/A: 8Be (8x10-17s), 10Be (1.5x106y), 14C 
(5.7x10
3
y), 
210
Pb (22y), and 
212
Pb (11h), (= half-life). In particular, 
8
Be is the single 
exception to a sequence of especially stable N = Z even-even nuclei from 
4
He to 
40
Ca, 
known as the alpha nuclei. In total, the maxima of the BE/A [9] data for even A ≤ 212 
consist of 104 (= 99 + 5) even-even, and 2 odd-odd: 
2
H and 
6
Li.  
Finally, there is one more exceptional case of nuclear stability, 
3
He. This is the only 
composite stable nucleus with more protons than neutrons, and with less BE/A than the 
unstable 
3
H. Such cases (
3
He, 
8
Be) and others are a reminder of how incomplete is our 
understanding of nuclear forces, especially in relation to small nuclei, a topic well beyond 
the scope of this report.  
Traditionally, the charge radius (RC) has been linked to the nuclear mass number 
(A) through the following approximation 
 
Nuclear volume = CoRC
3
  A,   (1)  
 
where Co is a constant, and   “is proportional to”. This assumption implies that RC  
A
1/3
. Although this classic approximation is still utilized, it is now clear that it is only a 
good approximation in a limited range of A. Better global approximations for RC as a 
function of A are available [10]. Recently, Nie [1] and Cook [5] have suggested that RC  
Z
1/3
. When the comparison with the data [10] of RC is made, it becomes evident that RC  
A
1/3
 is a preliminary and partial approximation, while RC  Z
1/3
 is a good approximation. 
This is shown in Figs. 2 and 3. Fig. 3 compares the old model RC  A
1/3
 with the model of 
RC derived at the end Sec. 3. 2, as well as with a model from Angeli’s [10] review. Simple 
visual inspection of Fig. 2 indicates that the global fitting of RC = b1Z
1/3
 is very good, and 
for further confirmation, see the average errors in Table 1. There are other data sets [11] 
for RC with some differences in the lower Z region. The adopted Angeli’s data [10] is more 
consistent with the relation RC = b1Z
1/3
.  
Other corrective terms for RC = b1Z
1/3
 are immediately [1,5] possible, requiring the 
use of additional parameters. However, except for Sec. 3.3, the least number of parameters 
is a main objective here, to be able to clearly present in Sec. 3.1 the important factors 
contributing to nuclear stability. In Sec. 3.3, a quantum model establishes the connection of 
the stability model to liquid drop BE modeling. The oscillations of the data in Figs. 1, 2, 
and 3 around the model curves are presumably mainly due to pure quantum mechanical 
conditions linked to the magic numbers stability and the so-called shell effects, which are 
not part of this report.  
In summary, it is assumed in what follows that 
 
                             RC = b1Z
1/3
 = 1.27(fm)Z
1/3
.       (2) 
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Fig. 2. Charge radius data [10] contains 165 data points. See discussion on model after Eq. 
(1) and Table 1 for more details (1fm = 10
-15
 m). 
120Te data [11] was added to Angeli’s 
data [10]. 
 
 
 
Fig. 3.  Data (S1) [10] for RC. The old model (S2) makes a good approximation to the data 
only in the range 79 < A < 180. Model curve for (S3) is from Eq. (2) and (9); the 
parameters of (S3) are not found by fitting the curve to the data on display. Model for (S4) 
curve [10] is Eq. (10). See Table 1 for rms errors and more details. 
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Table 1. Curve fitting rms error in fm = (k(YkData –YkModel)
2
/n)
1/2
, (n = 165 if 82  Z  2). 
  Curve        Method Z 2   Z 12    Z 20 
(S2) Fig. 2  
(a)
 0.0594    0.0476   0.0437 
(S2) Fig. 3  
(a)
 0.1006   0.0851    0.0690 
           
(c) 
(S3) Fig. 3  
(b)
 0.0537   0.0461    0.0421 
           
(d) 
(S4) Fig. 3 
(b)
 0.0479  0.0391  0.0388 
           
(e) 
 Eq. (10) 
(a)
 0.0419  0.0400  0.0400 
(a)
  These curves are fitted to the data displayed in the figure. It is done with conventional least squares, by 
minimizing k(YkData – YkModel)
2
. 
(b)
  These curves were fitted to other data that is different from what is in the figure. 
(c)
  The parameters for (S3) are deduced from fitting the model to data in Figs. 1 and 2 where only two 
adjustable parameters are used: p1/b1 = 0.0293 and b1 = 1.273fm.  
(d)
  This curve is reported in (8) of Angeli’s [10] presumably fitted to all data of 799 nuclei, which includes 
the 165 data points of Fig. 3. Some data points for 6 elements are apparently extrapolations [10]. 
(e)
  This curve is not displayed because it is hard to see between (S3) and (S4). It has a somewhat better fit to 
the data in the low A region than (S3). See parameter values below Eq. (10).
 
3. Model of stability for the even-even nuclei  
 
3.1 Model of the N and Z count  
 
Alpha particles alone can form stable nuclear bonds only when Z  20, that is, N = Z from 
4
He to 
40
Ca (except, as noted, for 
8
Be). For values of N – Z > 0, the presence of the excess 
neutrons for even-even nuclei is essential to counteract the electric repulsive force of 
protons. Therefore, in these nuclei, a part of the bonding energy of the excess neutron pairs 
(= (N – Z)/2) must be equal to a portion of the electrical (repulsive) energy of the alpha 
particles, while what remains of the electric repulsion is still counteracted by the alpha 
nuclear bonding. Naming EC(Z) the electric energy of all alphas, we then have that the 
energy E02 of one excess neutron pair under consideration is 
  E02[N – Z – (N0 – Z0)]/2 = p0[EC(Z) – EC(Z0)]   (3)  
 
where p0 > 0 is a constant dimensionless parameter, and EC(Z0) with Z0  Z is the electric 
energy of the nucleus resulting from the removal of the excess neutron pairs and some 
alpha particles, until a stable even-even nucleus is reached with Z0 and N0. Since the 
smallest nucleus of this kind is the alpha particle, then Z ≥ Z0 ≥ 2.  
The use of parameter p0 in (3) may also be interpreted as an application of the 
energy balancing parameter method [12]. This method proposes that, in a system with an 
attractive and a repulsive potential VA(r) and VR(r) both being monotonous functions of r, 
then the classical or approximate quantum equilibrium (energy quantum state) is found for 
a value, or values, of a parameter p0 satisfying the following equation, VA(r) = p0VR(r). 
This is the most direct way found to present model (3). Sec.3. 3 presents an effective 
quantum model of BE showing the connection between model (3) and the phenomenology 
of liquid drop models.  
The term E02(N – Z)/2 corresponds to a part of the volume energy  A, and EC(Z) 
is the electric energy  (Ze)2/RC. The volume energy is regarded as the primary bonding 
energy. The term ‘volume’ energy could be more precisely called ‘particle-number’ 
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energy. If nuclear volume is measured in proportion to RC
3
, then Fig. 3 shows that RC
3
 is 
not in overall proportion to A. 
It is easy to explain why other traditional nuclear energy components are not 
included in (3). The asymmetry [13] energy  (N – Z)2(1 – 0A
-1/3 
)/A is not in (3) because 
it is associated to a collection of fermions. We recall that, in this model, the bonded pairs 
of neutrons are a collection of bosons as well as the alpha particles. The surface energy ( 
A
2/3
) is not considered because the neutron pairs would exist under a full interaction with 
the alpha part of the nucleus; in other words, it is assumed that only a small number of 
excess neutrons are subjected to the surface effect of the nucleus. The smaller pairing 
energy ( A-3/4 or A-1/2) could be assigned by redefinition to the odd-odd, odd-even and 
even-odd nuclei, which are excluded from this model. Although these phenomenological 
energy components may remain relevant in a full account of nuclear energy as it is 
currently understood, they would not be dominant contributors to the stability of the even-
even nucleus represented by the N and Z count. This last claim is supported by the BE 
quantum model of Sec. 3.3.  
The bosons versus fermions aspect of nuclear matter remains a difficult question. A 
suggestion that originates here is that, while the even-even nucleus is stable, the neutron 
pairs dominate and, when an improper number of neutrons in relation to protons is found, 
then these neutron pairs revert to single particles, increasing their kinetic energy and the 
likelihood of a decaying nucleus. The proper average relation between the number of 
neutrons and protons in stable even-even nuclei is a result that is deduced below from (2) 
and (3).  
The next step to consider is the electric energy EC(Z) = c0Z
2
/RC (c0 a constant), and 
with (2) and (3) we find  
 
    (2p0 /E02)EC(Z) = p1Z
2
/RC = (p1/b1)Z
5/3     
  (4) 
 
where the new constant parameter is p1  2c0p0 /E02. Then, replacing (4) into (3), we obtain 
 
       N – Z – (N0 – Z0) = (p1/b1)(Z
5/3
 – Z0
5/3
).   (5) 
 
This equation is the central relation of the model. Its derivation is rather simple 
once the construct of the even-even nucleus composed of alphas and neutron pairs is 
accepted. The next section elaborates on the determination of p1/b1 and the data sets of the 
stable even-even nuclei described by the model. 
  
3.2 Comparison of stability model to data and other models 
  
Relation (5) can now be tested against the data. There is only one more parameter to 
obtain, the ratio p1/b1 (b1 = 1.27fm, Fig. 2). By construction of the model, Z0 has the 
natural interpretation of representing the N0 = Z0 stable, even-even nuclei from 
4
He to 
40
Ca, and therefore, Z0 has the possible even values 2  Z0  20 (Z0  Z). The data set is the 
collection of stable even-even nuclei in the (Z, N – Z) coordinates shown in Fig. 1, with 
the subset found at the maxima of the BE/A data. To determine p1/b1, various least squared 
schemes applied to the data in Fig. 1 produce various values from 0.027 to 0.031. In Fig. 1 
the data dispersion is not Gaussian and not measurement error; therefore, conventional 
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least squares methods are indecisive in this kind of data. Also, a non-linear model can be 
fitted to the data in many ways. To settle this ambiguity, a curve given by (5) is selected to 
interpolate the upper ‘smoothed’ boundary of the data going from 4He (Z0 = 2) through the 
middle Z = 44, N – Z = 16 (104Ru). This choice gives the value p1/b1 = 16/(44
5/3
 – 25/3) = 
0.0293. The interpolation of particular data points is consistent with the premises of the 
model leading to (5) and clearly other options to determine p1/b1  are possible. Additional 
investigation of this parameter p1/b1 reveals a remarkable connection to the fine structure 
constant, a topic that is the subject of a separate [7] article.  
For the purpose of figure display, the variables N and Z are taken as continuous, 
and the different curves obtained with (5) are named here nuclear stability curves. The 
three curves in Fig. 1 with N0 = Z0 = 2, 10, and 20 show the two borders of stability 
generated by the model, and the center of the stable even-even nuclei (Z0 = 10) as they are 
found on the maxima of the BE/A data.  
 Since N and Z are even numbers, the predicted values of (N – Z) in (5) are 
obtained by rounding 0.0293(Z
5/3
 – Z0
5/3
) to the nearest even number. Starting with Z0 = 2 
and applying the rounding to the nearest even number procedure, we find all nuclei at the 
center core of the (Z, N – Z) diagram. Excluded are the border oscillations of the data, 
presumably due to specific quantum shell effects. Remarkably, the nuclei with 20 > N = Z 
> 2 are also present in the rounding to an even number procedure (N = Z = 4 is not a stable 
nucleus). The information that Z0 = 2 is the first value, and Z0 = 20, Z = 82 are the last 
values for these variables, is input information to the model when the predicted stable 
nuclei are calculated. Under these considerations, the calculated number of even-even 
nuclei is 114, from which 3 are not stable, 
8
Be, 
44
Ti, 
210
Pb, (two of these are among the 5 
exceptions to the maxima BE/A rule described in Sec. 2), and 
4
He is input value. The 
model thus correctly predicts 110, a 2/3 majority of the initial selection of 165 even-even 
stable nuclei. 
A few stability curves contain stable nuclei not found at the maxima of the BE/A 
as, for example, when N0 = Z0 = 18, 20. Perhaps it is not well-known that the maxima of 
the experimental binding energy per nucleon (BE/A) does not define a unique line of 
nuclei when represented in the (Z, N) or (Z, N – Z) coordinates. This unique line has been 
a concept pursued by the models extending [13] the early Weizsäcker model (the liquid 
drop models), which derive only one line, Z as function of N or A, at the center of the 
valley of stability.  
Near the center of the valley of stability in Fig.1, we find a stability curve similar to 
the single curve of the Weizsäcker model Z = A/(2 + 0.015A
2/3
). Such a similar curve for Z 
as a function of A is derived next, beginning with (5) 
  
   A + p1b1
-1
Z0
5/3
  A + a0 = 2Z + p1b1
-1
Z
5/3
   (6) 
 
where the parameter a0  p1b1
-1
Z0
5/3
 has been defined. To determine the inverse function Z 
as a function of (A+ a0), we use again the small parameter p1/b1. Such function can be 
expressed in the form of a rational power series as follows 
 
  Z[2 + a01(A + a0)
2/3
 + a02(A + a0)
4/3
 +…] = (A + a0).  (7) 
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By substituting (6) into (7), and expanding in powers of Z, the results for the coefficients 
are 
 
a01 = p1b1
-1
/2
2/3
 = 0.63p1b1
-1
       a02 = – (p1b1
-1
)
2
/2
1/3
6 = – 0.1323(p1b1
-1
)
2
. (8) 
 
Using p1/b1 = 0.0293 in (8), then (7) is written as 
 
Z = (A + a0)/(2 + 0.0185(A + a0)
2/3
 – 0.000114(A + a0)
4/3
 +…) (9) 
 
and a good approximation to the center of the even-even found at the maxima of the BE/A 
data is obtained with a0 = (p1/b1)Z0
5/3
 = (0.0293)10
5/3
 = 1.36, as shown in Fig. 1. Here, a0 is 
small compared to A and, in a graph with (A, Z) coordinates, it is difficult to see the 
difference between the Weizsäcker model curve Z = A/(2 + 0.015A
2/3
) and (9). When the 
curves are shown in Fig. 1 in the (Z, N – Z) coordinates, we see the differences more 
clearly.  
In many current models of nuclear mass, 20 or more data fitting parameters seem to 
be the norm [13], mainly to adjust these models to nuclear mass data. No matter how many 
parameters are used in the refinements of the mass formulas, and as long as the mass 
formula depends only on analytic functions of Z and A, then traditionally, only a single 
curve can be generated by setting to zero the partial derivative of the mass formula in 
relation to Z, while keeping A constant. Such a single curve represents only a small 
fraction of the full set of stable even-even nuclei. Further, there is the question of the stable 
nuclei not present at the maxima of the BE/A curve, which many current mass formula 
[13] models cannot account for, but which are partly included in this model when using N0 
= Z0 = 18, 20 in Eq. (5). There are several 2
nd
 order effects to consider in the electric 
energy and from other nuclear energy components which have been omitted for the sake of 
what a simplified model can reveal, and given the surprising good fitting of the stability 
curves to the data (Fig. 1). 
Finally, let us look at the prediction of the model for the nuclear charge radius in 
relation to A. One way to do this is to consider the continuous A variable approach already 
given in (9), which is substituted in (2), resulting in the model curve (S3) shown in Fig. 3. 
The parameters of Eq. (9) for (S3) in Fig. 3 are entirely deduced from parameters fitted to 
other data sets (RC vs. Z and N – Z vs. Z). This result for RC(A) compares very favorably 
with the three parameters’ empirical formula (8) in Angeli’s review [10], which is given by  
 
RC = r0A
1/3
 + r1A
-1/3
 + r2A
-1
     (10) 
 
where the parameter values reported [10] are  r0 = 0.9071fm, r1 = 1.105fm, and r2 = –
0.548fm. This curve is (S4) in Fig. 3. Additionally and for comparison, fitting this curve to 
the even-even selection of 165 nuclei of Fig. 3 gives the results r0 = 0.9006fm, r1 = 
1.361fm, and r2 = –2.267fm. This last, slightly different model curve is not shown in Fig. 3 
because it is difficult to distinguish its place between (S3) and (S4). See Table 1 for more 
details and rms errors.  
This last application is an additional confirmation for the model. The center 
stability curve generated by Eq. (5) with Z0 = 10, in combination with Eq. (2), makes a 
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good prediction for RC as a function of A using the same values of the two parameters of 
the model (p1/b1 = 0.0293 and b1 = 1.27fm).  
 
 
3.3 Quantum model of stability and nuclear BE 
 
The basis of a simple quantum model with position potentials is presented to show how 
model (5) remains consistent with many of the established BE liquid drop explicit methods  
[13-16], where, binding energy = BE(N, Z). However, according to models (2) and (5) 
specific modifications are necessary to commonly known contributions to the BE, at least 
for the case of stable nuclei. The objective here is not a review of the extensive variations 
of the liquid drop models [13-16] and their numerical consequences, a large undertaking. 
For a review and references, see Lunney [13] et al. and there are more recent variations on 
liquid drop models [14-16].  
 Calling M(Z, N) the rest mass of a nucleus, then the BE is usually defined as BE = 
[Zmp + Nmn – M(Z, N)]c
2
. As it is customary, we assume that the BE is the ground state 
energy (= Eg = – BE) of a Hamiltonian H = KE + V. This Hamiltonian is known to be a 
complicated operator, usually designed to approximate only one aspect of nuclear 
phenomenology which, even in simplified form, is often a very difficult problem to solve 
in actual applications.  
To simplify, we assume a potential in one radial coordinate r of the nucleus V = 
V(r). This is not a one-particle Hamiltonian; rather, it is an effective Hamiltonian in one 
coordinate for all nuclear particles combined. The ground state is found by the harmonic 
oscillator approximation to the Hamiltonian with an effective mass Mef. The charge radius 
RC is chosen as the equilibrium point of the potential at r = RC. It follows that H = p
2
/2Mef  
+ V(RC) + V’(RC)(r – RC) + V’’(RC)(r – RC)
2/2 +… where it is required that V’(RC) = 0 
and V’’(RC) > 0. Therefore the ground state energy of this oscillator to a first order 
quantum approximation is 
 
 – BE = Eg = V(RC) + (3/2)ħω,   ω = (V’’(RC)/Mef)
1/2
.  (11) 
 
The potential V is given as a combination of position independent terms, the 
Coulomb energy of the protons, and the commonly accepted Gaussian and Yukawa 
potentials, to provide for the attractive nuclear bonding  
 
V(r) = – B0(Z, N) – (a1ZZ + a1NN)exp[–k1(r – RC)
2
/RC
2
] + c0Z
2
/r  + 
– bY(N – Z)VY(kb, r) – dYVY(kd, r),     (12)      
 
where VY(k, r) = (RC/r)exp[–k(r – RC)/RC] = Yukawa’s potential. Next, we demonstrate 
that the equation V’(RC) = 0 is equivalent to Eq. (5), and that the condition V’’(RC) > 0 is 
valid. Potential (V) was found by trial and error experimentation. First, evaluate V(r) at the 
charge radius  
 
V(RC) = – B0(Z, N) – (a1ZZ + a1NN) + c0Z
2
/RC – bY(N – Z) – dY. (13) 
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The term B0(Z, N) contains all the traditional BE terms [13] plus a few more suggested by 
model (2),  
 
B0(Z, N) = a0ZZ + a0NN – aSAA
2/3
 – aSZZ
2/3
  + BAL.   (14) 
 
BAL contains any additional terms, such as asymmetry energy, the pairing energy, and any 
term that may be applicable from previous modeling [13-16] experience. According to 
(11), V(RC) makes most of the contribution to the BE. Please note that the energy terms 
proportional to Z and N receive contributions from 3 separate terms in (13).  
Second, we calculate the derivatives at r = RC, 
 
V’(RC) = (1/RC)[dY(1 + kd) – c0Z
2
/RC  + bY (1 + kb)(N – Z)]  (15) 
 
V’’(RC) = (2/RC
2
)[– dY(1 + kd + kd
2
/2) + c0Z
2
/RC + (a1ZZ + a1NN)k1  
– bY(1 + kb + kb
2
/2)(N – Z)].     (16) 
 
From the 1
st
 derivative condition V’(RC) = 0, we have  
 
bY (1 + kb)(N – Z) = – dY(1 + kd) + c0Z
2
/RC.    (17) 
 
Since dY(1 + kd) is a constant, Eq. (17) is valid for another set of N0 and Z0, that is, bY(1 + 
kb)(N0 – Z0) = – dY(1 + kd) + c0Z0
2
/RC0.  Then, subtracting from (17), we find  
 
  bY(1 + kb)[N – Z – (N0 – Z0)] = c0(Z
2
/RC – Z0
2
/RC0)  (18) 
 
which is Eq. (5), once the following parameter identification is made: bY(1 + kb) = E02/2p0. 
In the 2
nd
 derivative (16), we have to use (17), and the result is 
 
V’’(RC) = (2/RC
2
)[a1ZZ + a1NN – dYkd
2
/2 – bY(N – Z)kb
2
/2].  (19) 
This 2
nd
 derivative is kept positive for a suitable choice of a1Z and a1N. We recall that the 
other parameters dY and bY in (19) are positive. Knowing the 2
nd
 derivative allows us to 
calculate the ground state in the usual way given by (11). Mef is kept as a parameter of the 
model, having a likely residual dependence on N and Z. Notice that this quantum model 
has a desirable general property, that is, the power series of the potential is also a method 
of small perturbations because the n
th
 derivative V
(n)
(RC) is proportional to (1/RC)
n
. This 
power expansion is an alternative rationale for the expansions in power of A
-1/3
 mentioned 
in p.1057 of Lunney [13] et al. 
In summary, the central Eq. (5) is recovered in Eq. (18), and we find a BE formula 
which easily contains all the terms previously known, together with the required 
modifications. This quantum model has a potential capacity to produce a better 
approximation of the nuclear masses than the previously known explicit mass
[13-16]
 
formulas basically because none of the suggested modifications has been used in any of the 
recent mass
[13-16]
 formulas. The comparison of the resulting mass formula with previous 
liquid drop models using the available data is the subject of a future publication. 
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4. Summary and main conclusions 
 
The model accounts very well for nearly 600 data pairs ((Z, N), (Z, A), (Z, N – Z), (Z, RC), 
(A, RC)) throughout most of the range of the stable even-even nuclei, with a minimal set of 
2 data-dependent parameters acquiring a single value (p1/b1 = 0.0293, b1 = 1.27fm). 
Separate analysis shows that p1/b1 is a simple multiple of the fine structure constant [7]. 
This is additional evidence of the possible far reaching physics contained in this model. 
Second-order corrections will easily improve the already good data fitness of the 
model, and provide modeling extensions for additional bodies of data for other types of 
nuclei. Several phenomenological standards are modified, starting with Eq. (2), which 
immediately changes the usual method of finding the electric energy and the surface 
energy of the stable nucleus. Eqs. (2) and (5) suggest that every aspect of the nuclear 
energies would require some re-evaluation, as described by a more detailed quantum 
model of BE in Sec. 3.3.  
A different hypothesis is made on the relevance of some of the nuclear energies 
responsible for the even-even stability described by the proton and neutron count. This 
conceptual shift allows for the introduction of several average nuclear stability curves (Eq. 
(5) in Fig. 1), offering a more detailed account of this fundamental aspect of nuclear 
stability. 
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